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Abstract
Most capacitors of practical use deviate from the assumption of a constant capacitance. They
exhibit memory and are often described by a time-varying capacitance. It is shown that a direct
implementation of the classical relation, Q (t) = CV (t), that relates the charge, Q (t), with the
constant capacitance, C, and the voltage, V (t), is not applicable when the capacitance is time-
varying. The resulting equivalent circuit that emerges from the substitution of, C, by, C (t), is found
to be inconsistent. Since, C (t), leads to a time-variant system, the current, Q˙, that is obtained
from the product rule of the differentiation is not valid either. The search for a solution to this
problem led to the expression for the charge, that is given by the convolution of the time-varying
capacitance with the first-order derivative of the voltage, as, Q (t) = C (t) ∗ V˙ (t). Coincidentally,
this equation also corresponds to the charge-voltage relation for a fractional-capacitor which is
probably first reported in this Letter.
∗ vikashp@ifi.uio.no
1
It is well established that nearly all capacitors exhibit memory because of the time-
dependent relaxation of the dielectric media that is sandwiched in between their plates [1–5].
An efficient way to represent a capacitor’s memory is to assume a time-varying capacitance,
C (t). Such an assumption has been used in the study of, solid state devices [6, 7], time-
varying storage components [8, 9], energy accumulation [10], brain microvascularity [11],
and biomimetic membranes [12]. But most of these references use the equation,
QC (t) = C (t) V (t) , (1)
that is motivated from the classical charge-voltage relation of a capacitor, where, QC is the
accumulated charge, and V (t) is the applied voltage. The current is then obtained following
the product rule of the differentiation as:
IC (t) = Q˙C (t) = C (t) V˙ (t) + V (t) C˙ (t) . (2)
However the classical Eqs. (1) and (2), are not valid for a time-varying capacitance. This
I show by assuming a capacitor with a capacitance, C (t), that has a contribution from
its constant geometric capacitance, C0, and a time-varying capacitance, Cφ (t), due to the
dielectric media present in the capacitor. Further assuming, Cφ (t) = φt, such that φ is a
real constant, and φ 6= 0, implies, Cφ (t), could either increase or decrease linearly in time.
So, I have,
C (t) = C0 + Cφ (t) = C0 + φt. (3)
Since capacitances add in parallel circuits, the equivalent circuits are shown in Figs. 1(a)
and (b). Now, assuming the validity of the Eqs.(1) and (2), I have the following relations
for the capacitor with a capacitance, C (t),
QC (t) = (C0 + φt) V (t) , and (4)
IC (t) = C0V˙ + φtV˙ + V φ. (5)
On carefully observing the three current terms of the Eq. (5), I find that the first two
corresponds to capacitor currents that flows through the capacitors of capacitances, C0, and
Cφ (t). But the third term is the Ohmic current that flows through a resistor of resistance,
R = 1/φ. Since currents add in parallel branches, Eq. (5), yields a parallel combination
of the three elements as shown in Fig. 1(c). The resulting circuit is clearly not equivalent
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FIG. 1. (a) Circuit containing a time-varying capacitor, C (t). (b) Equivalent model of (a),
assuming a linearly time-varying capacitance, C (t) = C0 + φt. (c) The incorrect circuit model
with an additional resistor that emerges from the application of the classical relation, QC (t) =
C (t)V (t), to (b).
to the circuit shown in Fig. 1(b). This anomaly may also be verified on imposing the
initial condition of, t = 0, in Eq. (5), that leads to, IC (t = 0) = C0V˙ + V φ, instead of the
expected, IC (t = 0) = IC0 = C0V˙ . The root cause of this problem can be traced back to the
classical equation, Eq. (1), which does not seem to be valid for a time-varying capacitance.
The underlying reason behind the inequivalence of the circuit from Fig. 1(b) with the circuit
from Fig. 1(c) is that the traditional charge-voltage relation assumes a linearly time-invariant
system, i.e., QC (t) = f (V (t)). In contrast, a time-varying capacitance invokes a time-
variant system, QC (t) = f (V (t) , t). The clasical relation for the charge estimation leads to
a term-by-term multiplication of C (t) and V (t) at any given instant of time, t. But, since
both the variables, C (t) and V (t), are simultaneously time-varying and also mutually affect
each other, a convolution operation turns out to be an appropriate option. The solution
proposed for the charge estimation is,
QC (t) = C (t) ∗ V˙ (t) = [C0 + φt] ∗ V˙ (t) . (6)
Further, the derivative property of the convolution leads to the expression for the current
as:
IC (t) = C (t) ∗ V¨ (t) =
[
C0 ∗ V¨ (t)
]
+
[
φt ∗ V¨ (t)
]
. (7)
Both of the above equations are dimensionally consistent too. Interestingly, convolutions
are also common in the field of fractional derivatives that provide a robust mathematical
framework to study time-variant systems. The fractional framework has proven its versatility
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in describing systems that exhibit both spatial memory [13] and temporal memory [14]. The
Caputo definition of a fractional derivative for a continuous, causal function, f (x), is the
convolution of a regular integer-order derivative with a power-law memory kernel, φα (t), as
[15]:
dα
dtα
f (t) , f˙ (t) ∗ φα (t) , φα (t) =
t−α
Γ (1− α)
, 0 < α < 1, (8)
where, α is the order, and Γ (·) is the Euler Gamma function that is used as a scaling factor.
For negative values of α, Eq. (8) corresponds to that of a fractional integral. The Fourier
transform property, F [dαf (t) /dtα] = (iω)α f (ω), of fractional derivatives, where ω is the
angular frequency, confirm that they are a mere generalization of the regular integer-order
derivatives. Furthermore, in appropriate limiting conditions, fractional derivatives asymp-
totically converge to the integer-order derivatives. In recent years, a connection between the
fractional derivatives and the physics of complex media has also been established [14, 16–
18]. It is worth noting that the expressions for, QC and IC , in Eqs. (6) and (7), are actually
motivated from the fractional derivatives. The current expression, Eq. (7), when seen in
light of Eq. (8), gives,
IC (t) = C0V˙ (t) + φV (t) . (9)
Also, at any instant of time, V (t) ≡ tV˙ (t), which when substituted back in the Eq. (9),
leads to,
IC (t) = IC0 (t) + ICφ (t) , where IC0 (t) = C0V˙ (t) , and ICφ = CφV˙ (t) , (10)
are the currents that flow through the respective branches of the circuit that contain the
constant capacitance, C0, and the time-varying capacitance, Cφ. It is also possible to obtain
Eq. (7) using the standard convolution integral. However if the time-varying capacitance is
expressible in the form of a power-law, then fractional framework turns out to be a readily
available tool for the study of those problems. It can be seen that Eq. (10) is equivalent
to the current flowing in the circuit shown in Fig. 1(b). Thus the inequivalence that arose
due to the conventional charge-voltage relation, Eq. (1), is restored through the convolution
equation, Eq. (6). It can be inferred that the additional unwanted term, V φ, from Eq. (5),
that had its origin from the term, V (t) C˙ (t), of Eq. (2), vanishes. Therefore, if the last term
of the Eq. (2) is neglected and a direct substitution of, C (t), from Eq. (3), is made in the
first term of the Eq. (2), then I get the same result as that from the Eq. (10). So, it can be
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concluded that the last term, V (t) C˙ (t), in the Eq. (2), is really not required, and this has
been experimentally verified as well [19]. This further consolidates the results presented in
this manuscript.
Unfortunately, the inapplicability of the classical charge-voltage relation for capacitors
with time-varying capacitance has been overlooked in the time-varying circuit theory [9], as
well as in the basic circuit theory [20]. Even further the circuit simulation tools such as those
from Matlab and Micro-Cap [8] also use the classical equations to model current through
capacitors with time-varying capacitancess, which seems incorrect. This makes those results
doubtful that were affected by that ignorance.
It should be noted that though I have assumed a linearly time-varying capacitance, the
proof that I have presented here can be generalized to all power-law forms of the time-
varying capacitance using fractional derivatives. On replacing, C (t), from Eq. (7), by,
C0 (τ/t)
α−1 /Γ (2− α), and then interpreting the resulting equation in light of Eq. (8), I
have,
IC (t) = C0τ
α−1
[
t1−α
Γ (2− α)
∗ V¨ (t)
]
= Cf
dα
dtα
V (t) , (11)
where, Cf = C0τ
α−1 is the pseudocapacitance and τ is the characteristic time constant. Co-
incidentally, Eq.(11), turns out to be the expression for the current of a fractional capacitor
[21]. This infers that the relation expressed by Eq.(6), i.e., QC (t) = C (t)∗V˙ (t), corresponds
to the charge-voltage relation of a fractional-capacitor. The relation is different than Eq. (5)
from Ref. [21] which seems to have a dimensional inconsistency. The fractional capacitor
has an interpolating behavior between a resistor and a capacitor for, 0 < α < 1. Besides,
because of its constant phase angle, |αpi/2|, property, the fractional capacitor is also referred
to as the constant phase element. However, most capacitors of daily applications exhibit,
α ≈ 1, [2, 3], so fractional capacitors for other values of, α, are fabricated in laboratories
[22–24].
Since a power-law equals an infinite weighted sum of Debye relaxation responses, the
fractional capacitor has also been modelled using an infinite ladder network of resistors and
capacitors [25]. But that did not yield any physical interpretation of its parameters, τ and
α, which was however provided recently in Ref. [18]. In addition to that interpretation, the
finding of the charge-voltage relation for a fractional capacitor reported here, should further
pave way in the emerging field of fractional-order circuits and systems [26]. The applica-
tions include modeling of, biological media [11, 12], supercapacitors [27, 28], electrochemical
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capacitors [29], and the design of the filters [30].
If the capacitance is assumed to be a constant, then results from Eqs. (6) and (7), reduce
to the classical relations, QC (t) = CV (t) and IC (t) = CV˙ (t), respectively, that is expected
from a time-invariant system. This can be witnessed from the first term that appears on the
right hand side of Eq. (10). The same also mirrors from the Eq. (11), for α = 1. Therefore,
the convolution equations, Eqs. (6) and (7), which correspond to the fractional capacitor,
should be seen as relations that complete the bigger picture and yet retain the beauty of
the classical relations.
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